We show that the cavity round-trip Gouy phase leads to pulse-to-pulse variation of the absolute phase and temporal profile of circulating few-or single-cycle pulses in empty resonators. This pulse-to-pulse variation can be eliminated by the proper insertion of a lens into the cavity. An application to terahertz resonators with phase-locked feedback is discussed.
INTRODUCTION
There is much current interest in the generation of highbrightness terahertz signals. [1] [2] [3] The power of emitted terahertz pulses can be enhanced by phase-locked feedback of terahertz radiation to drive a repetitively pumped sample in a cavity. 4 In such an application, it is important to preserve a fixed absolute phase of the driving terahertz pulses fed back to the sample inside the cavity. The absolute phase is defined as the phase of the carrier relative to the envelope. In the optical regime, pulses as short as 5 fs were recently achieved with the use of mode locking and dispersion control. 5, 6 Such pulses contain only two or fewer cycles of the carrier frequency oscillation. In this single-cycle regime, the absolute phase of the pulse can drastically affect the pulse temporal profile and determine the efficiency of certain light-matter interactions. 7 It is clear that the control and measurement of the absolute phase will be an important issue in the ultrafast terahertz and laser technologies.
As is generally recognized, the presence of dispersive elements within a cavity results in a difference between the phase and the group velocities of the pulse and causes the carrier to slide underneath the envelope. This leads to a pulse-to-pulse variation in the absolute phase and temporal profile. On the other hand, this temporal instability is also an inherent feature of an empty resonator with no dispersive or nonlinear elements, 8 such as the terahertz laser resonators. In a curved-mirror cavity the transverse confinement of a finite beam results in mode dispersion in the same manner as a guided mode does, thus leading to different phase and envelope velocities, as well as changes in the absolute phase of the circulating pulses. This absolute phase is simply the Gouy shift experienced by any confined beam. In this paper we discuss the effect of the Gouy phase on the absolute phase of circulating ultrashort pulses in nondispersive cavities and analyze a proposed scheme for the phase-locked generation of terahertz pulse trains in a cavity.
VARIATIONS OF ABSOLUTE PHASE
The Gouy shift leads to important effects such as pulse reshaping and polarity reversals as a single-cycle pulse passes through a focus. 9, 10 The Gouy phase is also the absolute phase of ultrashort terahertz and optical pulses propagating in linear nondispersive optical systems such as quadratic phase media, including lenses, mirrors, cylindrical ducts, and free space. 11 Moreover, in an empty curved-mirror resonator, the round-trip Gouy phase causes the carrier to slide underneath the envelope after each round trip, resulting in temporal instability of recirculating terahertz and optical pulses. Depending on the cavity geometry, the output temporal profiles will either repeat themselves periodically or, more generally, evolve in a quasi-periodic manner with several incommensurate periods.
In the following we will use a particular example to explain how the round-trip Gouy phase affects the temporal waveform of a recirculating ultrashort pulse in a nondispersive cavity. The example we will use is a family of isodiffracting pulsed beams constructed from a class of spectra,
where 0 is a low frequency cutoff below which there are no frequency components. The adjustable parameters p(у1) and 0 (Ͼ0) determine the peak frequency and bandwidth of the pulse. This form of the spectrum not only leads to a simple closed-form expression for the timedomain pulses but is also often observed in terahertz experiments. [12] [13] [14] The full mathematical expression for the isodiffracting pulsed Gaussian beams with the spectra of Eq. (2.1) is given in Refs. 8 and 11. On axis ( ϭ 0), these solutions can be simplified to
where ϭ t Ϫ z/c is the local time and T ϭ / 0 is dimensionless. Here
and the envelope function A 0 (z, T) is given by
2) is the Gouy phase that does not explicitly depend on time. It shifts the relative position of the carrier underneath the envelope A 0 (z, T). In free space the Gouy phase of the isodiffracting pulse is given by G(z) ϭ arctan(z/z R ), where z R is the Rayleigh range of the pulse.
For a symmetric cavity with mirrors of radius of curvature R and separation L, the Rayleigh range is given by
The round-trip accumulated Gouy shift is then
Here we neglected the phase shift upon reflection at the two mirrors. For a stable resonator (L Ͻ 2R), Eq. (2.5) means that the round-trip Gouy phase is less than 2. As pointed out in Ref. 11 , an isodiffracting pulsed Gaussian beam can be characterized by a single frequencyindependent q parameter that makes it possible to transform the entire pulse directly in space and time by using the usual ABCD matrices when such a pulse propagates through nondispersive quadratic phase media, such as a lens waveguide. Since a cavity resonator is simply a folded lens waveguide, it is a straightforward matter to track the evolution of the absolute phase and the temporal profile after successive round trips. Hence inside the cavity the electric field on axis after m round trips can be expressed by
where ϭ t Ϫ 2mL/c Ϫ z/c and T ϭ / 0 . Equation (2.6) represents the temporal profile of the electric field on axis at any position z inside the cavity after m round trips. Hence the round-trip Gouy phase G rt causes the carrier to slide underneath the envelope after each round trip at any fixed z. The number of round trips required for the shift of the absolute phase to be a multiple of 2 is related to the ratio of Eq. (2.5) and 2, a quantity we shall call the cavity winding number:
Note that the value of W # is between 0 and 1. When W # is a rational number, the absolute phase of the pulse will be periodically repeated. On the other hand, if W # is an irrational number, there will be no strict period. The absolute phase and temporal waveform evolve in a quasiperiodic manner, as shown in Figs. 1 and 2. Figure 1 plots the absolute phase after each round trip. A quasi period of 17 can be observed. Figure 2 shows intensity profiles of the pulse after certain round trips. The quasi periodicity results in a short-time periodicity but a longtime nonperiodicity that is due to the accumulated phase drift. This lack of periodicity makes it difficult to control the absolute phase of the circulating pulses.
STABILIZATION OF ABSOLUTE PHASE
There are applications in which it is necessary to have a fixed absolute phase from pulse to pulse. In this section we will show how a nondispersive convergent thin lens can be used to stabilize the absolute phase in a simple resonator configuration. Such nondispersive thin lenses can be made from high-resistivity (10 k⍀ cm) silicon that has negligible dispersion over terahertz pulse spectra, as demonstrated by Grischkowsky et al. The round-trip Gouy shift for a confocal resonator is , and hence the absolute phase is invariant for every two circulations. However, the confocal resonator is only marginally stable. In a finite length, nonconfocal cavity the round-trip Gouy shift is strictly less than 2. This causes the instability of the absolute phase. Figure 3 shows a simple scheme for ensuring a fixed absolute phase. A nondispersive convergent thin lens is placed at the center of a symmetric cavity with mirrors of radius of curvature R and separation L. Since the left and the right parts of the cavity are completely symmetric in Fig.  3 , the Rayleigh range (z R Ͼ 0), the size of the pulsedbeam waists, and the distance (d) of the pulsed-beam waists to the lens are the same whether the pulse is in the left or the right part of the cavity. These quantities should be functions of the radii of curvature of the mirrors (R Ͼ 0), the length of the cavity (L Ͼ 0), and the focal length ( f Ͼ 0). Using the symmetry of the system and the lens transformation formula 16 for Gaussian beams, one obtains
Fitting the curvature at the mirrors, we have
Solving Eqs. (3.1) and (3.2), we find the distance of the waists to the lens and the Rayleigh range of the pulse as
To guarantee the Rayleigh range being positive in Eq.
Equation (3.4) is the fundamental sign principle from which other sign rules can be derived for the convergent lens ( f Ͼ 0). For convenience we list these sign rules in the following order:
In Eq. (3.5) the last two inequalities can be derived from the first two. A divergent lens can also be used to stabilize the absolute phase. However, it will not focus the pulse so as to increase the power. In the following discussion, we will consider only the convergent lens. The Gouy shift from the left mirror to the central plane is given by
Since the Gouy shift is accumulated during propagation, from the symmetry of the system the round-trip Gouy shift is 4. With use of Eq. (3.1), Eq. (3.6) can be simplified as
Substituting Eq. (3.3) into Eq. (3.7), one obtains
where the ''ϩ'' sign is for L Ͻ 2R and the ''Ϫ'' sign for L Ͼ 2R. To stabilize the intensity profile of the pulse, one requires the round-trip Gouy shift be , 2, or 3. Note that it is impossible for the round-trip Gouy phase shift to be greater than or equal to 4 for the cavities with a lens inside the cavities. The fundamental sign principle in relation (3.4) guarantees that the value under the square roots of Eq. (3.8) is positive. In the following, we consider the cases (or 3) and 2 separately.
A. For the Case (or 3)
When the round-trip Gouy phase is (or 3), tan( ) ϭ Ϯ1. Substituting this into Eq. (3.8), we obtain
For the convergent lens ( f Ͼ 0), Eq. (3.9) requires L Ͻ R or L Ͼ 2R, which corresponds to the round-trip Gouy shift being or 3, respectively. Equation (3.9) yields two stabilization curves (solid curves) in Fig. 4 , along which the absolute phase is stable. Substituting Eq. (3.9) into (3.3), we find that the distance of the waists to the lens and the Rayleigh range along the stabilization curves are Fig. 3 . Possible setup of a modified terahertz resonator with a nondispersive thin lens at the center of a symmetric cavity. The left and the right parts of the cavity are equivalent. The emitters, which are represented by a small section of thick lines, can be placed at the focus in either or both sides of the cavity. If the phase difference of the two emitters is set to equal the Gouy shift between the two focal points, one feedback terahertz pulse can drive the two emitters.
The sign of d in the above equation is guaranteed to be positive, since L Ͻ R or L Ͼ 2R. Note that L cannot be in the regime R Ͻ L Ͻ 2R if one uses a convergent lens. Instead, a divergent lens has to be used to stabilize the absolute phase in this regime.
B. For the Case 2
When the round-trip Gouy phase is 2, tan( ) ϭ ϱ. It can be shown that the condition L ϭ 4f ϭ 2R should be satisfied for the Rayleigh range to be nonzero. This gives a single point (C) in Fig. 4 . In this case the beam waist can be anywhere inside the cavity, since there are no unique solutions for the distance of the waists and the Rayleigh range. However, they satisfy Eq. (3.1), which is, after a substitution of R ϭ 2 f,
This is an ellipse in the d -z R plane. If the focal lens at the center of the cavity is replaced by a nonlinear lens, the position of the beam waist and the Rayleigh range will be determined by the intensity of the pulse.
STABILITY CONDITION OF THE CAVITY
Now the question is whether the phase stabilization curves [Eq. (3.9)] and point (L ϭ 4f ϭ 2R) lie in the stable regime of the cavity. In Appendix A we will show that the stability condition of a symmetric cavity with a thin lens at the center is given by
The stable regime of the cavity is shown by the shaded area in Fig. 4 . The two solid curves representing (or 3) shift of the absolute phase in one round trip completely lie in the stable regime of the cavity. If the cavity is constructed along these two solid curves, the pulse-topulse instability of the absolute phase can be eliminated. One example of this proposed scheme for generating terahertz pulse trains relies on phase-locked feedback of terahertz pulses to an intracavity source. 4 Emitters can be placed at either or both focal points. The pump pulse is coupled into the cavity to pump the emitters repetitively. The terahertz pulses from previous generations are reflected by the end mirrors of the cavity and act as a driving voltage to bias the antennas. Under the synchronized pump pulse, when the driving terahertz pulses are in phase with the emitters, the radiation power will be enhanced. To have a stable enhanced output pulse train, it is necessary to keep the absolute phase of the feedback terahertz pulses fixed whenever they bias the antennas. This can be realized, from the above discussion, by a proper choice of the focal length of the convergent lens to balance the round-trip Gouy shift of the feedback terahertz pulses. One choice is to make the round-trip Gouy shift 2. However, from the previous discussion, a 2-round-trip Gouy phase is only marginally stable. If the focal length is chosen to make the round-trip Gouy shift or 3, such a cavity will be stable. In this case, to achieve the maximum output power the repetition time of the pump pulse should be an integer multiple of a tworound-trip time of the terahertz pulse, while an odd number round-trip time results in a minimum output power.
CONCLUSION
In conclusion, we have pointed out the relation of the Gouy shift and the absolute phase of the ultrashort pulses. We showed that the cavity Gouy phase-induced variation of the absolute phase of circulating terahertz and optical pulses can be stabilized by use of an intracavity lens. This provides a possible scheme for the phaselocked feedback terahertz resonators. Our result has implications for the control of the absolute phase of femtosecond optical pulses.
APPENDIX A: DERIVATION OF THE STABILITY CONDITION
In this appendix we will derive the stability condition Eq. (4.1) for a symmetric cavity with a thin lens at the center. The propagation ABCD matrix started from the left mirror to the right mirror (after reflection) is given by
( A 1 )
The total matrix for one round trip is
Thus A ϩ D
After an algebra manipulation, Eq. (A3) can be simplified as
where ␣ ϵ L/4f and ␤ ϵ L/2R. For the pulse to be able to stay inside the cavity during circulation, the stable condition of a resonator requires that 17 Ϫ1 р (A ϩ D)/2 р 1. Substituting Eq. (A4) into this condition, after a few manipulations, one obtains ␣␤ р ␣ ϩ ␤ р ␣␤ ϩ 1.
Replacing ␣ and ␤ by their definitions, the stable condition is given by
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